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Abstract. Recently Alday, Gaiotto and Tachikawa proposed a conjecture relating 4- 
dimensional super-symmetric gauge theory for a gauge group G with certain 2-dimensional 
conformal field theory. This conjecture implies the existence of certain structures on the 
(equivariant) intersection cohomology of the Uhlenbeck partial compactification of the 
moduli space of framed G-bundles on P 2 . More precisely, it predicts the existence of 
an action of the corresponding VT-algebra on the above cohomology, satisfying certain 
properties. 

We propose a "finite analog" of the (above corollary of the) AGT conjecture. Namely, 
we replace the Uhlenbeck space with the space of based quasi-maps from P 1 to any partial 
flag variety G/P of G and conjecture that its equivariant intersection cohomology carries 
an action of the finite W-algebra U(g,e) associated with the principal nilpotent element 
in the Lie algebra of the Levi subgroup of P; this action is expected to satisfy some list 
of natural properties. This conjecture generalizes the main result of [5] when P is the 
Borel subgroup. We prove our conjecture for G = GL(N), using the works of Brundan 
and Kleshchev interpreting the algebra U(g, e) in terms of certain shifted Yangians. 



1. Introduction 

1.1. The setup. Let G be a semi-simple simply connected complex algebraic group (or, 
more generally, a connected reductive group whose derived group [G, G] is simply connected) 
and let P be a parabolic subgroup of G. We shall denote by L the corresponding Levi factor. 
Let B be a Borel subgroup of G contained in P and containing a maximal torus T of G. 
We shall also denote by A the coweight lattice of G (which is the same as the lattice of 
cocharacters of T); it has a quotient lattice A^p = Hom(C*, L/[L, L]), which can also be 
regarded as the lattice of characters of the center Z(L) of the Langlands dual group L. Note 
that Kq b = A. The lattice Ag,p contains canonical sub-semi-group A^ p spanned by the 
images of positive coroots of G. 

Set now Sg,p = G/P. There is a natural isomorphism fl2(S(?,p,Z) ~ Kq,p- Let C be a 
smooth connected projective curve over C. Then the degree of a map / : C — > Sg,p can be 
considered as an element of Kqjp; it is easy to see that actually deg/ must lie in A^ p . For 
9, 9' G A GiP we shall write 9 > 9' if 9 - 9' G A+ p . 

Let ec,p G Sg,p denote the image of e G G. Clearly ec,p is stable under the action of P 
on Sg,p- Let Mg,p denote the moduli space of based maps from (P 1 , oo) to (Sg,p, ^G,p)i i-e. 
the moduli space of maps P 1 — > Sg,p which send oo to ec.p- This space is acted on by the 
group PxC*, where P acts on 5g,p preserving the point ec,p and C* acts on P 1 preserving 
oo; in particular, the reductive group LxC* acts on Mg,p- Also for any 9 G p let Mg p 
denote the space of maps as above of degree 9. 
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For each 9 as above one can also consider the space of based quasi-maps (or Zastava space 
in the terminology of [9], [15] and [16] ; cf. also [6] for a review of quasi-maps' spaces) which 
we denote by QM G p . This is an affine algebraic variety containing "M. G P as a dense open 
subset. Moreover, it possesses a stratification of the form 

QM e GyP = (J M^xSym^'A 1 , 
o<e'<e 

where for any 7 € p we denote by Sym 7 A 1 the variety of formal linear combinations 
XiXi where xi € A 1 and Aj € A G p such that ^ Aj = 7. In most cases the variety QM G p 
is singular. 

1.2. Equivariant integration. For a connected reductive group G with a maximal torus 
T let 

A G = H G (pt,C)- 

This is a graded algebra which is known to be canonically isomorphic to the algebra of 
G-invariant polynomial functions on the Lie algebra g of G. We shall denote by % G its field 
of fractions. Let now Y be a variety endowed with an action of G such that is proper. 
Then as was remarked e.g. in [5] we have a well-defined integration map 

: IH* G (Y) -»• X G , 

Y 

which is a map of .Ac-modules. In particular, it makes sense to consider the integral 
f Y 1 € % G of the unit cohomology class. 

Let us also set m* G (Y) loc = IHJj(F) ® X G . Then IHJj(Y) ; oc is a finite-dimensional vector 

Ac 

space over % G endowed with a non-degenerate X G - valued (Poincare) pairing (•, -)y,g- 
In particular, all of the above is applicable to Y = QMq p and G = L x C*. In particular, 

if we let 1q p denote the unit class in the L x C*-equivariant cohomology of QMq p , then 
we can define 

Z G , P = £ q 9 [ l GiP . (1.1) 



9eA G,P QM, 



G,P 



This is a formal series in q € Z(L) with values in the field OClxC* °f -^-invariant rational 
functions on I x C. 

In fact the function %g,p 1S a familiar object in Gromov-Witten theory: it is explained 
in [5] that up to a simple factor %g,p is the so called equivariant J -function of 9g,p (cf. 
Section 6 of [i5j). In particular, this function was studied from many different points of 
view ( cf. [19], [20], [5] for the case when P is the Borel subgroup). It was conjectured 
in [5], [6] that the function Zg,p should have an interpretation in terms of representation 
theory related to the Langlands dual Lie algebra q. More generally, let us set 



I h g,p = IH LxC .(QMg P ); oc , IH Gj p = ^ IH^p, 



0GA+ p 



g,p = (•)-)aAfS_ p ,ixc*> (->-)g,p= (-l) <e ' p) (-, -)g,P) 



where p denotes the half-sum of the positive roots of g, and we view 9 as the positive integral 
linear combination of (the images of) the simple coroots out of I. 

Then one would like to interpret the A G p-graded vector space IRg,p together with the 

intersection pairing (•,■) and the unit cohomology vectors 1 G p € IH^. P in such terms. A 
complete answer to this problem in the case when P is a Borel subgroup was given in [5]. 
The purpose of this paper is to suggest a conjectural answer in the general case and to 
prove this conjecture for G = GL{N). The relevant representation theory turns out to 
be the representation theory of finite W -algebras which we recall in Section [2j We should 
also note that our conjecture is motivated by the so called Alday-Gaiotto-Tachikawa (or 
AGT) conjecture [2j which relates 4-dimensional super-symmetric gauge theory to certain 
2-dimensional conformal field theory (more precisely, one may view some part of the AGT 
conjecture as an affine version of our conjecture; this point of view is explained in Section[6]). 
In fact, the current work grew out of an attempt to create an approach to the AGT con- 
jecture in terms of geometric representation theory. We hope to pursue this point of view 
in future publications. 

1.3. The main conjecture. In the remainder of this introduction we are going to give 
a more precise formulation of our main conjecture and indicate the idea of the proof for 
G = GL(N). To do this, let us first recall the corresponding result from [5] dealing with 
the case when P is a Borel subgroup. In what follows we shall denote it by B instead of P. 

First, it is shown in [5] that the Lie algebra g acts naturally on IH^^. Moreover, this 
action has the following properties. First of all, let us denote by (-, -)g,b the direct sum of 
the pairings (-l)^(-, -) GB . 

Recall that the Lie algebra g has its triangular decomposition g = n + © rj © n_. Let 
k ■ g — > g denote the Cartan anti-involution which interchanges n+ and ti_ and acts as 
identity on rj. For each A E f) = (())* we denote by M(A) the corresponding Verma module 
with highest weight A; this is a module generated by a vector v\ with (the only) relations 

t(v\) = A(t)t>A for t € f) and n(v\) =0 for n G n+. 

Theorem 1.4. (1) IHc b (with the above action) becomes isomorphic to M(\), where 
A = -f-p. 

(2) IILj B C IH GjB is the -f - p- 6 -weight space of IH GjB - 

(3) For each g £ g and v , w £ IH^s we have 

(g(v),w) GjB = (v,K(g)w) GiB - 

(4) The vector 1 G B (lying is some completion of IHg*,b ) is a Whittaker vector (i.e. 
a n+-eigen-vector) for the above action. 

As a corollary we get that the function (\^%g,b is an eigen- function of the quantum Toda 
hamiltonians associated with g with eigen-values determined (in the natural way) by a (we 
refer the reader to [13] for the definition of (affine) Toda integrable system and its relation 
with Whittaker functions). In fact, in [5] a similar statement is proved also when G is 
replaced by the corresponding affine Kac-Moody group — cf. Section [6] for more detail. 

Our main conjecture gives a generalization of the statements l)-3) above to arbitrary 
P. Namely, to any nilpotent element e G g one can associate the so called finite W -algebra 
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U(g,e). We recall the definition in Section 12.11 (this definition is such that when e = 
we have U(g,e) = Ug and when e is regular, then U(g, e) is the center of Ug). Roughly- 
speaking, we conjecture that analogs of l)-3) hold when Ug is replaced by U(g, e£) (we 
refer the reader to Section [2] for the definition of Verma module and Whittaker vectors for 
finite P^-algebras). The main purpose of this paper is to formulate this conjecture more 
precisely and to prove it for G of type A. 

1.5. Organization of the paper. The paper is organized as follows: in Section [2] we 
recall basic definitions about finite 1^-algebras for general G; we also recall the basic results 
about parabolic quasi-maps' spaces and formulate our main conjecture. In Section [3] we 
recall the results of Brundan and Kleshchev who interpret finite VF-algebras in type A 
using certain shifted Yangians and in Section [5] we discuss the notion of Whittaker vectors 
for finite VF-algebras from this point of view. In Section 0] we use it in order to prove our 
main conjecture for G = SL(N) (and any parabolic). One important ingredient in the 
proof is this: we replace the intersection cohomology of parabolic quasi-maps' spaces by the 
ordinary cohomology of a small resolution of those spaces (which we call parabolic Laumon 
spaces). Finally in Section [6] we discuss the relation between the above results and the AGT 
conjecture. 

1.6. Acknowledgements. We are grateful to A. Molev for the explanation of the results 
of [18]. We are also grateful to J. Brundan, A. Kleschev and I. Losev for their explanations 
about T-F-algebras. Thanks are due to A. Tsymbaliuk for the careful reading of the first 
draft of this note and spotting several mistakes, and to S. Gukov, D. Maulik, A. Nietzke, 
A. Okounkov, V. Pestun, Y. Tachikawa for very helpful discussions on the subject. A. B. 
was partially supported by the NSF grants DMS-0854760 and DMS-0901274. B. F, M. F., 
and L. R. were partially supported by the RFBR grant 09-01-00242, the Ministry of Ed- 
ucation and Science of Russian Federation grant No. 2010-1.3.1-111-017-029, and the AG 
Laboratory HSE, RF government grant, ag. 11.G34.31.0023, and HSE science foundation 
grant 10-01-0078. 

2. Finite VF-algebras 

2.1. VF-algebra. Let e be a principal nilpotent element of the Levi subalgebra ( C g. Let 
U(g,e) denote the finite VF-algebra associated to e, see e.g. [TT]. We recall its definition for 
the readers' convenience. Choose an s[2-triple (e,h,f) in g. We introduce a grading on g 
by eigenvalues of ad^ : 

= 00«, 0« :={£e0: £]=«£}• 

The Killing form (•,•) on g allows to identify g with the dual space g* . Let \ = ( e >?) be 
an element of g* corresponding to e. Note that x defines a symplectic form uj x on rj(— 1) 
as follows: 0J X (£, rj) := (xA^iV])- We fix a Lagrangian subspace I C g(— 1) with respect 
to u x , and set m := I ffi ©j<_2 0(^)- We define the affine subspace m x C Ug as follows: 
m x := {£ - (x, £), £ € m}. Finally, we define the IF-algebra U(g, e) := {Ug/Ug ■ m x ) adm := 
{a + Ug ■ m x : [m, a] C Ug ■ m x }. It is easy to see that 

U(g,e) =End Us (Ug ® C x ), 

Um 
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where C x denotes the natural 1-dimensional module over m corresponding to the character 
X- In this description the algebra structure on U(g,e) becomes manifest. 

It is equipped with the Kazhdan filtration Fq U(g, e) C Fi U(g, e) C . . ., see e.g. section 3.2 
of We recall its definition for the readers' convenience. We denote the standard PBW 
filtration on Ug (by the order of a monomial) by Ff* Ug. The Kazhdan filtration on Ug is 
defined by Fj Ug := Y^2k+j<i -Ff* Ug PI Ug(j) where Ug(j) is the eigenspace of ad^ on 
with eigenvalue j. Being a subquotient of Ug, the VF-algebra U(g, e) inherits the Kazhdan 
filtration Fj U(g, e). 

We also consider the shifted Kazhdan filtration FiU(g,e) := Fj+i U(g,e), and we define 
the C[7i]-algebra U (g,e) as the Rees algebra of the filtered algebra (U(g, e), F,). Abusing 
notation, we will sometimes call U h (g, e) just a W^-algebra. 

Let us extend the scalars to the field % := ^i X £*, and let h G % stand for the generator 
of fig, (pi, Z). Thus % = C(i*/W L x A 1 ) where W L stands for the Weyl group of I, and A 1 
is the affine line with coordinate H. 

Given a point A £ i* /Wl we consider the Verma module M(—h~ 1 A,e) over U h (g,e) ® 
X ~ U(g, e) ® 3C introduced in sections 4.2 and 5.1 of [11]. As A € F/Wl varies, these 
modules form a family over C[t*/W L x (A 1 - 0)]. Localizing to % we obtain the universal 
Verma module M(g, e) over U(g, e) Note that a certain p-shift is incorporated into the 
definition of M(g, e), cf. the text right after Lemma 5.1 of [Tl] 0. 

In what follows we shall often abbreviate M := M(g, e). 

2.2. Whittaker vector. Let t e stand for the centralizer of e in t. Recall from [11] that 
the collection of nonzero weights of t e on g is called a restricted root system <3? e , and the 
weights on p' := © i>0 g(i) form a positive root system C < 5 e . Let I e be the set of simple 
roots, i.e. positive roots which are not positive linear combinations of other positive roots. 
According to Theorem 6 of [10] , the simple roots form a base of (t e ) v . 

Let us choose a linear embedding : g e )■ U h (g,e) as in Theorem 3.6 of [TTj. For 
a simple root a £ I e , we consider the corresponding weight space 0(0„). The Kazhdan 
filtration induces the increasing filtration on the root space G(g^). We define a positive in- 
teger m a so that F ma @(g%) = &(g%), but F mQ _i Q(g%) ^ @(g e a ). The following conjecture 
holds for g of type A by the work of J. Brundan and A. Kleshchev (cf. Section [3.71 below), 
and for all exceptional types according to computer calculations by J. Brundan (private 
communication) : 

Conjecture 2.3. dimF mQ G( ^)/F mQ _ 1 Q(g%) = 1. 

Definition 2.4. A linear functional ip on Q) aeI e G(g„) is called regular if for any a G I e 

we have ip(F ma —i Q(g e a )) = but ^{Y ma 8(f£)) ^ 0. 

If Conjecture 12 . 31 is true, then T e acts simply transitively on the set of regular functionals. 

Definition 2.5. Given a regular functional ip on Q) ae je & ijj -eigenvector ro in a 

completion flee A- - Mg of the universal Verma module M is called a tp-Whittaker vector. 



The definition of the module M(g, e) from [11] is (unfortunately) quite involved and we are not going to 
recall it here. On the other hand for g = gl(JV) there is another (in some sense, more explicit) definition of 
this module which we are going to recall in Section [3] 
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2.6. Shapovalov form. Let a stand for the Cartan antiinvolution of g identical on t. 
Let Wq stand for the adjoint action of a representative of the longest element of the Weyl 
group of the Levi subalgebra I. Then the composition w l a preserves e and everything 
else entering the definition of the finite P^-algebra and gives rise to an antiisomorphism 
U h (g, e)— ^U h (g, e) where U h (g,e) (see Section 2.2 of [11]) is defined just as U h (g,e), only 
with left ideals replaced by right ideals. Composing this antiisomorphism with the isomor- 
phism U h (g, e)^U h {g, e) of Corollary 2.9 of [UJ we obtain an antiinvolution q of U h (g, e). 

Definition 2.7. The Shapovalov bilinear form (•, •) on the universal Verma module M with 
values in % is the unique bilinear form such that (x, yu) = (q(y)x, u) for any x, u € M, y E 
U h (g, e) with value 1 on the highest vector. 

2.8. Parabolic Zastava spaces and finite W^-algebras: the main conjecture. We are 

now ready to formulate our main conjectures. We are going to change slightly the notations. 
Namely, the symbols G, P, L, g, p, [ will denote the same things as in the introduction. How- 
ever, we are now going to denote by e the principal nilpotent element in the Langlands dual 
Lie algebra 1 C g; similarly, M will now denote the universal Verma module over U(g,e). 
Note that in this case M becomes naturally graded by Ag p . Also, the universal coefficient 
field % is now nothing else but the field %ixc* which appeared in the introduction. With 
these conventions we formulate the following 

Conjecture 2.9. (1) There is an isomorphism of Aq, p-graded %-vector spaces IRg,p 
and M; in particular, there is a natural U h (g, e)-action on IEt^p. 

(2) The isomorphism ^ takes the vector YleeA G P ^ ^ FleeAc P p *° a ^' Whittaker 
vector to £ riseAc; P ^9 for certain regular functional ip. 

(3) For x,u G V e we have (^(x), <f(u)) = (-l) |e| {x, u) e G P . 

In what follows we shall give a more precise formulation of this conjecture when g is of 
type A (in that case we shall also prove the conjecture). In particular, we shall specify the 
regular functional if) in that case. 

3. Shifted Yangians and finite VK-algebras 

In this Section we recall an explicit realization of finite VF-algebras in type A using shifted 
Yangians (due to Brundan and Kleshchev). 

3.1. Shifted Yangian. Let it = (pi, . . . ,p n ) where p\ < p2 < ■ ■ ■ < p n , and p± + . . . +p n = 
N. Recall the shifted Yangian Y^(gl n ) introduced by J. Brundan and A. Kleshchev (see [T2] 

and [IB]). It is an associative C[ft]-algebra with generators d^, i = 1, . . . , n, r > 1; f| r , i = 

(r) 

1, . . . , n — 1, r > 1; , i = 1, . . . , n — 1, r > p, l+ i —pi + 1, subject to the following relations 




(3.1) 



r+s— 1 




(3.2) 



t=o 
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where := 1, and the elements d^ r ) are found from the relations Ylt=o ^f^'i^ ^ 
5 r0 , r = 0, 1, . . .; 



[d« e<'>] = h{5ij - ^• + i)E d ? )e r S " t " 1) ' ( 3 - 3 ) 

t=o 

t=o 

[er\er)]-[er),e?)] = ^ef + e«ef)), (3.5) 

[f (^),fW] _ [ff),f^)] = n (f W f W +f W f W )> (3 . 6) 

[ef ) ,eS5 1 )]-[er i) ,eSJ 1 ] = -^eSi, (3.7) 

[eS r) ,e«] = if |i - j| > 1, (3.9) 

[ff>,ff]=0 if|z-i|>l, (3.10) 

K W , [e? } ,f ]] + [ef , [ef\f ]] = if \i - j\ = 1, (3.11) 

ti r \ti'\f]] + ti' ) M r) 4 ) ]]=0 if I<-Jl = l- (3-12) 



We introduce the generating series 

oo oo 

d k (u) = l + Y J d i k s) h- s+1 u- s , e k (u)= J2 efc^" a+1 «" a , 

s=l s=p fe+1 -p fc +l 
oo 

m«) :=E f i s)/rS+1 ^- 

s=l 

Finally, we define a k (u) := di(u)d2(ii — 1) . . -d k (u — k + 1), Afc(u) := u pi (ii — 1) P2 . . . (u — 
k + l) Pk a k (u), and also 

B fc (u) := (« - fc + l) Pfc + 1 - pfc A jfc («)e jfc (« — fc + 1), (3.13) 

Cfc(u) :=f fc («- fc + l)A fc («). (3.14) 
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3.2. VF-algebra U h (g,e) and its universal Verma module. Let p C g := gl N = 

End (W) be the parabolic subalgebra preserving the flag C W\ C . . . C W n -i C W. Here 
= (lOi, . . . , tujv)> an d Wi = (^1; • • • j w pi+...+pi)- Let e be a principal nilpotent element of 
a Levi factor [ of p. Let U(g,e) denote the finite W-algebra associated to e, see e.g. [12] . 
It is equipped with the Kazhdan filtration Fq U(g, e) C Fi U(g, e) C . . ., see e.g. section 3.2 
of [12]. We also consider the shifted Kazhdan filtration FiU(g,e) := Fj+i J7(jj, e), and we 
define the C[7i]-algebra U h (g,e) as the Rees algebra of the filtered algebra (U(g,e), F,). 
Abusing notation, we will sometimes call U h (g, e) just a W-algebra. 

According to section 3.4 of [12], U h (g, e) ®c[fi] is the quotient of yj(gl n ) <8>c[s] C(ft) 
(V) 

by the relations = 0, r > p\. 

Let us denote the standard coordinates in the diagonal Cartan subalgebra t of gi N by 
xi, . . . ,xn- Then the universal Verma module M = M(gl N , e) over U h (g, e) ® % is a vec- 
tor space over the field % of rational functions in h, x\ , . . . , xjv symmetric in the groups 
(xi, . . . ,x pi ), (x pi+ i, . . .,x pi+P2 ), ... , (x pi+ ... +Pn _ 1+ i, . . . ,xjv). Let us consider the field ex- 
tension % C %' := C(t* x A 1 ) = C(/i,xi,...,XAr). We denote by M' = M'(gl N ,e) := 
M 3C' the universal Verma module with the extended scalars. 

3.3. The Gelfand-Tsetlin module. According to [18], the module M' admits a rather 
explicit description. More precisely, the authors of [18] construct a Gelfand-Tsetlin module 
V over U h (g, e)(&%' equipped with a Gelfand-Tsetlin base numbered by the Gelfand-Tsetlin 
patterns, and write down explicitly the matrix coefficients of the generators of U h (g, e) in this 
base. We recall these results here. To a collection d = (dj? ), n — l>i>j, pj > a > 1, we 
associate a Gelfand-Tsetlin pattern A = A(d) := (A^), n > i > j, pj > a > 1, as follows: 
A$ := ^- 1 ^ 1+ ... +Pj _ 1+a + j - 1, n > j > 1; A^ := -hr l pf) + j - 1, n - 1 > » > j > 1 
(see (|3.15p ). The corresponding base element £a = 6^.(3) w ^ e denoted D Y £3 f° r short. 
Thus, the set {£3} (over all collections d) forms a basis of V. 

We have used the following notation: given d, 

Pfk '■= M ik ~ Xpi+...+Pk-i+l, l < l <Pt (3-15) 

Also, for n > i > j we introduce the monic polynomials Ay (it) := (u + X^ ) . . . (u + Ajj ). 

Finally, we define the action of the generators of U h (gl N , e) on V by their matrix elements 
in the Gelfand-Tsetlin base: 

^^-n-'-^-inr 1 -^ n (pif-pi?)- 1 n ri(pS; ) -pffi, fc )' ( 3 - ig ) 

fc<i, b<Pfc k<i+l b<pf, 

if = d$ — 1 for certain j < i: 

f lm= n ~ 1+Pi ^ +{i - i)nrl n (pS; } - pS^r 1 n n (p? - ( 3 - 17 ) 

if gQ" = d-" + 1 for certain 7 < z. All the other matrix coefficients of e,- , f- vanish. 
The following Proposition is taken from [18] . 
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Proposition 3.4. The formulas (|3.16p , (|3.17|) give rise to the action of U n (gl N ,e) ® IK' 
on V. Moreover, Aj(-u), Q(u), Bj(u) are polynomials in u of degrees pi + ■ ■ ■ + Pi (resp. 
Pi + . . . + Pi — 1, pi + . . . + Pi — 1) such that 

Ai(ti)£a = A<i(«) . . . A«(u - i + (3.18) 

for i = l,...,n, and 

m^p^% = -Xi+iA^v^i+iA^ 1 ?^ -!)••• \ +w {n-\^ - oe^w , (3.19) 

— — y 

CiCft-'pi?)^ = Vm^'p^) Vi^r 1 ?!;' -l) . . . v 1) ,_ 1 (n- 1 pS; ) -i+2)^_ 5 ( 0) , (3.20) 

for i = l,...,n — 1, where d ± <5,-^' is obtained from d by replacing off by o$ ± 1. 

Proof. The formulas (|3.19p and (|3.16|) (resp. (|3.20|) and (|3.17p ) are equivalent by the 
Lagrange interpolation. So if suffices to prove that the formulas (I3.18p . (I3.19p . (I3.20p 
give rise to the action of U h (gl N ,e) ® %' on V. Now V admits a certain integral 
form over C[/t ±:L , x%, . . . , xjy] which can be specialized to the values of parameters Zj 
satisfying certain integrality and positivity conditions. These specializations admit 
finite-dimensional subspaces spanned by certain finite subsets of the Gelfand-Tsetlin base. 
Theorem 4.1 of [18] describes the action of U h (gl N , e) in these finite-dimensional subspaces 
by the formulas (]3.18p . (]3.19p . (|3.20p . It follows that the action of generators given 
by (13.18j) . (I3.19p . (13. 20|) in these subspaces satisfies the relations of U (gl N , e). For each 
given d, both d and d ± 8^ enter the above finite subsets for quite a few specializations: 
more precisely, the set of special values of x\, . . . , xn such that both d and d ± 8^ enter 
the corresponding finite subsets is Zariski dense in t* x A 1 . It follows that the relations of 
U h (gl N , e) are satisfied for all values of x\, . . . , xn- □ 

Proposition 3.5. The Gelfand-Tsetlin module V is isomorphic to the universal Verma 
module with extended scalars M' . 

Proof. First, V is an irreducible module over U (flljv, e) <%> %'. In effect, by Proposition 13.41 

t (r) 

the Gelfand-Tsetlin subalgebra of U (Ql N ,e) ® % generated by acts diagonally in the 
Gelfand-Tsetlin base with pairwise distinct eigenvalues. Therefore, it suffices to check the 
following two things: 

(1) for each d there are indices i, s such that £j ^ 0; 

(2) for each dj^O there are indices i, s such that ej^£-r ^ 0. 
Both follow directly from the formulas (|3.16p . (|3.17p . 

Second, M' is an irreducible module over U h (gl N , e) <g) %'. In effect, for a general highest 
weight A £ i* /Wl the Verma module M(—h~ 1 A,e) is irreducible according to |11| . Hence 
the universal Verma module is irreducible as well. 

Now to construct the desired isomorphism M 1 — >V it suffices to produce a nonzero 
homomorphism M' — > V . By the universal property of Verma modules, it suffices to identify 

the highest weights of M' and V. By the argument in the proof of Theorem 5.5 of |11| . 

(r) 

d\ acts on the highest vector of M by multiplication by the rth elementary symmetric 
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polynomial in the variables i — 1 — H Xj, p\ + . . . + p%-\ + 1 < J < Pi + • • • + Pi- On 
the other hand, it follows from the formula A3. 18H that di(u) acts on the highest vector £o 
by multiplication by u~ Pt Yl^L p ^ + Pt +pi _ 1 +i( u + i — 1 — h~ l Xj). The coincidence of highest 
weights completes the proof of the proposition. □ 

Recall that the Galois group of %' over % is Wl- By the irreducibility of U h (Ql N ,e) <g> 
IK'-module V, there is a unique semilinear action of Wl on V intertwining the action of 
U h (gl N , e) (g) X', and trivial on the highest vector £o- 

Corollary 3.6. The universal Verma module M(gl N ,e) is isomorphic to V Wl . 

3.7. The characters of positive subalgebra. Recall the notations of [llj. So t stands 
for the diagonal Cartan subalgebra of g, and t e stands for the centralizer of e in t, and g e 
stands for the centralizer of e in g. The collection $ e of non-zero weights of t e on g is a 
restricted root system, see e.g. section 3.1 of [11]. The roots appearing in p' C g form a 
system C <3? e of positive roots. Let us denote by g+ C g e the subspace spanned by the 
positive root vectors. Recall a linear space embedding © : g e ^ U h (Q,e) of Theorem 3.6 
of [II] . We define t/^(g,e) as the subalgebra of U h (Q,e) generated by 6(g^_). In terms of 

the shifted Yangian, U+(g, e) is generated by {e^}, 1 < i < n — 1, s > Pi+x — p\ + 1. 

We are interested in the (additive) characters of U+(g,e), that is maximal ideals of 
Ul( Q ,e) ad := Ul(Q,e)/[Ul( Q ,e),Ul(Q,e)]. We have f^(g,e) ad ~ Sym(9(g^) ad ) where 
9(g^_) ad := Q(g e + )/Q(g e + ) n [C/$(fl, e), Z7£(fl, e)]. In terms of roots, 9(g^) ad is spanned by 
the simple positive root spaces in 0(gS_). In terms of the shifted Yangian, 9(g+) ad is 

spanned by {e- s) }, 1 < i < n - 1, p i+ i - pj + 1 < s < p i+ \. 

The Kazhdan filtration induces the increasing filtration on the root space 9(g^) f° r a 
simple positive root a € <3?+. In terms of the shifted Yangian, F r 9(g^.) is spanned by 

{e^}, 1 < i < n — 1, r > s > pj + i — pj + 1. For a simple root a we define m a so that 
F m Q @(Sq) = but F ma „i G(g^) / 6(g^). Clearly, for a = on we have m ai = p i+1 . 

We say that an additive character \ '■ ^+(0) e ) ~~ ^ C(/t), that is a linear function 
9(g^) ad -> C(/»), is regufor if x^-i 6(g«)) = 0, but X (F ma 9(g^)) ^ for any sim- 
ple root a. Let T e stand for the centralizer of e in the diagonal torus of G. Then the 
adjoint action of T e on the set of regular characters is transitive. We specify one particular 
regular character in terms of the shifted Yangian: Xfi( e j 8 '') = for Pi+\ — pi + 1 < s < Pi+i, 
and Xfi(e? l+l) ) = tr 1 . 

Definition 3.8. The Whittaker vector to £ M in a completion of the universal Verma 
module (the product of the weight spaces) is the unique eigenvector for U+(g,e) with the 
eigenvalue \h whose highest weight component coincides with the highest vector. For a 
weight d we denote by tod the weight d component of to. 

3.9. The Shapovalov form in terms of shifted Yangians. We consider the antiinvo- 

lution ? : Y^flU -> Y^glJ taking df ] to df } , and ff } to e [ s+Pi+1 ~ Pi) . This is nothing 
else than the composition of isomorphism (2.35) of [12] and anti-isomorphism (2.39) of [12] . 
It descends to the same named antiinvolution <j : U h (Q,e) — >• U h (g,e). According to sec- 
tion 3.5 of [12], this antiinvolution can be alternatively described as follows. Let o stand 
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for the Cartan antiinvolution of g (transposition). Let w stand for the adjoint action of 
a representative of the longest element of the Weyl group of the Levi subalgebra [. Then 
the composition w l a preserves e and everything else entering the definition of the finite W- 
algebra and gives rise to an antiisomorphism U h (g,e) — >U h (g,e) where U (fj, e) (see Sec- 
tion 2.2 of pj~]) is defined just as U h (g,e), only with left ideals replaced by right ideals. 
Composing this antiisomorphism with the isomorphism U h (g, e) — >U h (g, e) of Corollary 2.9 
of [11] we obtain an antiinvolution of U h (g,e). This antiinvolution coincides with <j. 

Definition 3.10. The Shapovalov bilinear form (•, •) on the universal Verma module M 
with values in C(h, x%, . . . , x n ) is the unique bilinear form such that (x, yu) = {q{y)x, u) for 
any x,u £ M, y £ U h (g,e), with value 1 on the highest vector. 

4. Parabolic Laumon spaces and correspondences: proof of the main 

conjecture for g = gl(n) 

In this section we prove Conjecture 12.91 for G = GL^. Note that in this case G ~ G, P ~ 
P, L~L, T ~ f. 

4.1. We recall the setup of [T7J. Let C be a smooth projective curve of genus zero. We fix 
a coordinate z on C, and consider the action of C* on C such that v(z) = v~ 1 z. We have 
C c * = {0,oo}. 

We consider an iV-dimensional vector space W with a basis W\ , . . . , Wjy. This defines a 
Cartan torus T C G = GLn = Aut(W) acting on W as follows: for T 3 t = (t\, . . . ,tjsr) we 
have t{wi) = tiWi. 

4.2. We fix an n-tuple of positive integers p\ < p2 < . . . < p n such that p\ + . . . +p n = N. 
Let P C G be a parabolic subgroup preserving the flag C W\ := (w\, . . . ,w Pl ) C Wi := 
(wi, . . . ,w pi+P2 ) C ... C W„_i := (wi,...w pi+ ... +Pn _ 1 ) C W n := W. Let G/P be the 
corresponding partial flag variety. 

Given an (n — l)-tuple of nonnegative integers d= [d\, . . . , d n -i)> w e consider the Lau- 
mon's parabolic quasiflags' space Q^, see [21], 4.2. It is the moduli space of flags of locally 
free subsheaves 

OcWiC.C W n _i C W = W ® Oc 
such that rank(Wfc) = p\ + . . . + pk, and deg(Wfc) = — dk- 

It is known to be a smooth connected projective variety of dimension dim(G/P) + 
E£"M(P*+mi), see [21], 2.10. 

4.3. We consider the following locally closed subvariety Qd C (parabolic quasiflags 
based at oo G C) formed by the flags 

OcWiC.C W„_i cW = f ®O c 

such that Wj C W is a vector subbundle in a neighbourhood of oo G C, and the fiber of Wj 
at oo equals the span (u>i, . . . , w pi+ ,,, +Pt ) C W. 

It is known to be a smooth connected quasiprojective variety of dimension E^Tf 1 di(pi + 
Pi+l). Moreover, there is a natural proper morphism — > QMjk p and according to 
A. Kuznetsov, this morphism is a small resolution of singularities (cf. Remark after Theo- 
rem 7.3 of |9]), so that #« xC ,(%) = LHf xC »(QM| p ), and F£ xC ,(0d) = IH^ xC »(QmJ p ). 

li 



4.4. Fixed points. The group G x C* acts naturally on Q^, and the group T x C* acts 
naturally on £2^. The set of fixed points of T x C* on Qd is finite; its description is absolutely 
similar to [T7], 2.2, which we presently recall. 

Let d be a collection of nonnegative integral vectors dy = (<4j\ • • • , 4? ), n — 1 > i > 
j > 1, such that dj = X^'=i l^y'l = Sj=i £f=i 4j > an d for i > k > j we have d/y > dij, i.e. 
for any 1 < / < pj we have djy > . Abusing notation we denote by d the corresponding 
T x C*-fixed point in H^: 

Wi = o c (-d 1 1 i ) • o)wi e . . . e OcC-^i ■ 0H1, 

w 2 = o c (-4 1 i ) • o)u>i e . . . e 0c(-4i x) • °Hi © OcMS ■ © • • ■ 

...eo c (-dg 2) -oh 1+P2 , 



w n _i = Oc (-4-i,i • o)u>i e . . . e o c (-4 p -i,i • 0K1 e . . . 
• • • e 0c(-4-i,n-i • oK 1+ ... +Pn _ 2 +i e • • • e 0c(-4 p "I,n-i ■ 0)^+...+^. 

4.5. Correspondences. For i € {1, . . . , n — 1}, and d = (di, . . . , d n -i), we set d + i := 
(di, . . . , + 1, . . . , d n -i). We have a correspondence E-d,i cQ^x Qd+i formed by the pairs 
(W„ W.) such that for j ^ i we have W,- = and W[ C W^cf. [17], 2.3. In other words, 
£d,i is the moduli space of flags of locally free sheaves 

C Wi C . . . Wi_i cW^cWjC W i+ i . . . C W n _i C W 

such that rank(Wfc) = p\ + . . . + p/-, and deg(Wfc) = — dk, while rank(W^) = p\ + . . . + pi, 
and degCWj) = -d* - 1. 

According to [21J, 2.10, fi^j is a smooth projective algebraic variety of dimension 

dim(G/P) + Yh=i d i(Pi + Pi+l) + Pi 

We denote by p (resp. q) the natural projection £^ — > Qd (resp. £^,j — > Qd+i)- We also 
have a map r : £^ — > C, 

(0 C Wi C . . . Wi_i cW^cWiC W m . . . C W n _! C W) h-> supp(W l /W^). 

The correspondence fi^j comes equipped with a natural line bundle Li whose fiber at a 
point 

(0 C Wi C . . . W;_i CW^CWjC W i+ i . . . C W n _i C W) 

equals r(C, Wj/WQ. Let g stand for the character of T x C* : i-> u. We define the 

line bundle L^ := q 1 ~ t Li on the correspondence £^i, that is £• and £j are isomorphic as 
line bundles but the equivariant structure of L^ is obtained from the equivariant structure 
of Li by the twist by the character 

Finally, we have a transposed correspondence T £rf,i C Qd+j x Q^. 
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4.6. Restricting to 0^ C we obtain the correspondence <td,i C 0^ x Qd+i together with 
line bundle £j and the natural maps p : &d,i &d> q : &d,i &d+i, r : <£-d,i — > C — oo. 
We also have a transposed correspondence T £d,i C Qd+i x 0d- It is a smooth quasiprojective 
variety of dimension J27=i di(pi + Pi+l) + Pi- 

4.7. We denote by 'IHgrpy the direct sum of equivariant (complexified) cohomology: 
'IH.g,p,t = ®d,H^ xC *(£ld)- It is a module over i/ TxC ,(pt) = C[t©C] = C[xi, . . . ,xjy, h]. 
Here t® C is the Lie algebra of T x C*. We define ft as the positive generator of (pt, Z). 
Similarly, we define xi G H%,(pt, Z) in terms of the corresponding one-parametric subgroup. 
We define IHg,p,t = ' 1Hg,p,t ®ff' xC »( P i) Prac(ITJ, xC .(pt)). 

We have an evident grading 

IH G>PjT = IH| pt , where IH| pt = H£ xC , (%) ®flj xC , (pt) Frac(iT£ xC , (pt)). 

According to the Thomason localization theorem, restriction to the T x C*-fixed point 
set induces an isomorphism 

#'xc*(£d) ®iq. xC .(pt) Frac(Ff xC , (pt)) -> i^ xC ,(0j xC *) ®h- xC »(p*) Frac(^ xC » (pt)) 

The fundamental cycles [d] of the T x C*-fixed points d (see Section 14. 4j) form a basis 
in Q)dH' xC * (0j xC ) (g)#» Frac(.£f TxC * (pt)). The embedding of a point d into 0d is 

a proper morphism, so the direct image in the equivariant cohomology is well defined, and 
we will denote by [d] € IH^, p T the direct image of the fundamental cycle of the point d. 
The set {[d]} forms a basis of IH<3 py. 

4.8. For any < i < n we will denote by W« the tautological (pi + • • • + pj)-dimensional 
vector bundle on 0^ x C. By the Kiinneth formula we have -ff TxC * (0^ x C) = H^, c * (0rf) <8> 
1 © H^ xC ,(Q.d) <8> r where r G H^*(C) is the first Chern class of 0(1). Under this decom- 
position, for the Chern class Cj(Wj) we have cj (Wj) =: cj j) (Wj) ® 1 + cj j X) (Wj) <g> r where 

cf (Wj) G ^ xC *(0d), and c^CWj) G H^^a). 

For < m < n we introduce the generating series A m (u) with coefficients in the equi- 
variant cohomology ring of 0^ as follows: 

pi+...+p m 

A m (u) := + ]T (~ h y r (4 r) (W m ) - £4 r_1) (W m )) 

r=l 

In particular, Ao(u) := 1. 
We also define the operators 

ei r+1+Pfc+1 ~ Pfc) := P*( C i(^) r • q*) : IE^T "> IH St> ' > t 4 - 1 ) 

fl r+1) := -q*(ci(£^ r • P*) : IHj )P)T fflg£ r , r > (4.2) 

13 



We consider the following generating series of operators on IKq px~- 

oo 

d fc (u) = l + ^d^^ s+1 n- s := Zkiu + k-l^k.^u + k-l)- 1 : m% pT ^m~ I i , . ~ 1 1 

s=l 

where 1 < k < n and 



G,P,T ~" ±±J -G,P,T\.l u 



(4.3) 

a k (u) := u~ Pl (u - 1)~ P2 . . .(u-k + l)- pk A k (u); (4.4) 



e k (u)= e[ s h- s+ \- s : m^pT^mffpTiiu- 1 }},! <k <n-l] (4.5) 

s=l+p k+1 -p k 

oo 

f h ( u ) = Y^i s) h~ s+1 u~ s ■ IH| iPjT -> IH$I'p >T [[«~ 1 ]] 1 1 < k < n - 1. (4.6) 

s=l 

We also introduce the auxiliary series (u) , C k (u) by the formulas (|3.13p , (|3.14p . 
The following Theorem is a straightforward generalization of Theorem 2.9 and the proof 
of Theorem 2.12 of [17], which are in turn its particular case for p\ = . . . = p n = 1. 



J*) f(«) 

of IHg* p t are as follows: 



Theorem 4.9. The matrix coefficients of the operators e\ s , f • in the fixed point base {\d\} 



if c^" = cZ^ — 1 for certain j <i; 

f Sj ] =-»- i (p& ) +(i-o»r i n (p^-pj^nnrf-^)- 

fc<«, 6<pfc k<i— lb<p k 

if = + 1 for certain j < i. All the other matrix coefficients of e| , f| 8 ^ vanish. 
Furthermore, the eigenvalue of Aj(u) on [d| equals 

nnc-'-p!;')' 

Proposition 4.10. The isomorphism ^ : IH^pp — ►V, [d] i-> (— 1)1-1 ft^=i inter- 
twines the same named operators dj,ej,fj, etc. In particular, the operators dj,ei,fj defined 
in (|Q|1 . (IP) . (1431) . turn IH G p jT into the Gelfand-Tsetlin module over U h (Q, e) <g> X'. 

Proof. A straightforward comparison of Theorem 14.91 and Proposition 13.41 □ 
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4.11. Now we return to the localized LxC*-equivariant cohomology IHg,p = IH G L PT . Note 
that the action of Wl on IHg pt is semilinear with respect to the structure of 3C'-module, 
and also it commutes with the action of correspondences since both the correspondences 
and the line bundles £j are equipped with the action of L. Hence under the identifica- 
tion ^ : IH.g,p,t — *V the W^-action on 1Hg,p,t g° es to the Pt^-action on V introduced 
just before Corollary 13.61 Combining Corollary 13.61 with Proposition 14.101 we arrive at the 
following theorem proving Conjecture 12.9( 1) in the case q = gl^. 

Theorem 4.12. The isomorphism \£ : IHq pt — >V restricted to Wl -invariants gives the 
same named isomorphism of U (gl N , e) ® %-modules : IH(j,p -^+M(qI n , e). 

5. Whittaker vector and Shapovalov form 
Proposition 5.1. If Id stands for the unit cohomology class of £}<j> then ^(ld) = ro^. 

Proof. For pi + \ — pi + l<s< Pi+i, we have e[ Lj = for degree reasons (it would have had 

a negative degree). Similarly, he^^ld+i, having degree 0, must be a constant multiple of 
Id- More precisely, we decompose the projection p : <S-d,i — > Od into composition of the 
proper p x r : <£d,i ~^ Qd x (C — oo), and further projection pr : Qd x (C — oo) — > Qd with 
fibers C-oo = A 1 . We have p*(ci(£i) Pl_1 -<l*U+i) = pr*(p X r)*(ci(£i)^- 1 -q*ld + i). Now 
(p x r)*(ci(Li) Pi ~ 1 • q*lrf+i) is well defined in nonlocalized equivariant cohomology, and for 
the degree reasons must take ld+i to a constant multiple c of the unit class in the equivariant 
cohomology of 0^ x (C — oo). Furthermore, pr^ c = h &£. So it remains to calculate the 
constant c. This can be done over the open subset U C Qd where Wj/Wj-i has no torsion, 
and hence p x r is a fibration with a fiber P Pi_1 . More precisely, the correspondence (S^ j 
over U x (C — oo) is just the projectivized vector bundle P(Wj/Wj_i), and £j is nothing 
else than 0(1). We conclude that c = 1. The proposition is proved. □ 

Proposition 5.2. For x,u E IH^, p we have {^(x),^f(u)) = (—1)'-' Jq (xu). 

Proof. Evidently, the operators f^' and — ^. S+Pl+1 Pl ' are adjoint with respect to the pairing 
/(?•?). ' ' □ 

Thus we have fully proved Conjecture 12.91 for g = gl(N). 

6. Relation to the AGT conjecture 

6.1. The Uhlenbeck spaces of A 2 . Let G be an almost simple simply connected complex 
algebraic group with maximal torus T and let q, t be the corresponding Lie algebras. For an 
integer a > let Bun^(A 2 ) denote the moduli space of principal G-bundles on P 2 of second 
Chern class a with a chosen trivialization at infinity (i.e. a trivialization on the "infinite" 
line P^) It is shown in [8] that this space has the following properties: 

a) Bun^. (A 2 ) is non-empty if and only if a > 0; 

b) For a > the space Bun^(A 2 ) is an irreducible smooth quasi-affine variety of dimension 
2ah where h denotes the dual Coxeter number of G. 

In [8] we construct an affine scheme U G (A 2 ) containing Bun^(A 2 ) as a dense open subset 
which we are going to call the Uhlenbeck space of bundles on A 2 . 
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The scheme U G (A 2 ) is still irreducible but in general it is highly singular. The main 
property of U G (A 2 ) is that it possesses the following stratification: 

Bun£(A 2 ) = \J Bun^(A 2 ) x Sym a - fo (A 2 ). (6.1) 

0<fe<a 

Here each Bun^.(A 2 ) x Sym a_6 (A 2 ) is a locally closed subset of U G (A 2 ) and its closure is 
equal to the union of similar subsets corresponding to all b' < b. 

We shall denote by Bunc(A 2 ) (resp. He (A 2 )) the disjoint union of all Bung. (A 2 ) (resp. 
of U G (A 2 )). 

Let us note that the group G x GL(2) acts naturally on Bung(A 2 ): here the first factor 
acts by changing the trivialization at oo and the second factor acts on A 2 . It is easy to 
deduce from the construction of [8] that this action extends to an action of the same group 
on the Uhlenbeck space U G (A 2 ). 

The group G x GL(2) acts naturally on 11 G where G acts by changing the trivialization 
at P^j and GL(2) acts on P 2 preserving P^. 

6.2. Instanton counting. We may now consider the equivariant integral 

/ ^ 

of the unit G x GL(2)-equivariant cohomology class (which we denote by l d ) over U G ; 
the integral takes values in the field % which is the field of fractions of the algebra A = 
^GxGL(2) (pt)- Note that A is canonically isomorphic to the algebra of polynomial functions 
on the Lie algebra q x qI(2) which are invariant with respect to the adjoint action. Thus 
each f l d may naturally be regarded as a rational function of a G t and (£i,£2) € C 2 ; this 
u% 

function must be invariant with respect to the natural action of W on t and with respect 
to interchanging e\ and £2- 

Consider now the generating function 

00 „ 

z = Y,Q d ld - 

It can (and should) be thought of as a function of the variables q and a, £i,£2 as before. 
The function Z(Q, a, £1, £2) is called the Nekrasov partition function of pure N = 2 super- 
symmetric gauge theory. 

6.3. The AGT conjecture. In [2j Alday, Gaiotto and Tachikawa suggested a relation be- 
tween 4-dimensional super symmetric gauge theory for G = SL(2) and the so called Liouville 
2-dimensional conformal field theory; some generalizations to other groups were suggested 
in [3] , [23] . Here we are going to formulate a few mathematical statements suggested by the 
AGT conjecture (it is not clear to us whether from the physics point of view they should 
be perceived as direct corollaries of it). 

Consider the above Uhlenbeck space and let IH Gx gl(2)0^g) denote its equivariant 
intersection cohomology. This is a module over the algebra .AgxGL(2) := -^GxGL(2)(^)> ^ s 
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algebra is just the algebra of polynomial functions on q x gl(2) which are invariant under 
the adjoint action. We denote by KgxGL(2) its field of fractions and we let 

mff s = IH GxGL(2) (U G ) ® K GxGL(2 ). 

■ A GxGL(2) 

We also set IH^ to be the direct sum of all the IH G aff . This is a vector space over 3^gxGL(2) 
which informally we may think of as a family of vector spaces parametrized by a £ t/W 
and (£1,62) £ C 2 /^2. Also, each IH G is endowed with a perfect symmetric pairing (-,-), 
which is equal to the Poincare pairing multiplied by (— l) hd . 

Consider now the case G = SL(2). Then we can identify the Cartan subalgebra f) of sl(2) 
with C. Thus a £ f) can be thought of as a complex number. 

Warning. It is important to note that if we think about a as a weight of the Langlands dual 
sl(2)-algebra with standard generators e, h, f, then by definition the value of this weight on 
h is equal to a{a) = 2a (where a denotes the simple root of sl(2). This observation will be 
used below. 

Let Vir denote the Virasoro Lie algebra; it has the standard generators {L n } ne z and c 
where c is central and L n 's satisfy the standard relations. 

Given a field K of characteristic 0, for every A 6 K, c £ K we may consider the Verma 
module Ma, c over Vir on which c acts by c and which is generated by a vector tba,c such 
that 

£o( m A,c) = AmA, c ; L n (mA., c ) = for n > 0. 
In addition, the Verma module Ma, c is equal to the direct sum of its Lo-eigen-spaces 
Mi iC)( j where n € Z>o and Lq acts on c d by A + d. It is easy to see that there exists 
unique collection of vectors u>A, c ,d £ MA,c,d (for all d 6 Z>o) such that 

1) wa,c,o = mA iC ; 

2) We have Lj • WA, c ,d = for i > 1 and L\ ■ WA,c,d = ^A.c^-i- 

We let wa c denote the sum of all the t^a c d] this is an element of the completed Verma 
module M A , C = IL>o M A, c ,d- 

In addition the module Ma, c possesses unique symmetric bilinear form (•, •} such that 
(mA,c, ?TiA,c) — 1 and L n is adjoint to L— n . 

Then the AGT conjecture implies the following (the statement below is often referred to 
as "non-conformal limit" of the AGT conjecture, cf. [24J): 

Conjecture 6.4. Let 

A = -^+ (£l+£2)2 ; c=l + 6(£l+£2)2 . (6.2) 

E\E2 4£i£ 2 E\E2 



Then 



1 = {wA,c,d,WA,c,d)- 



In other words, 

Z{a, e u e 2 , (~l) h Q) = Q~ A {wa,c, Q Lo wa,, 



In fact, it is quite natural to expect that the following stronger result holds: 
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Conjecture 6.5. (1) There exists an action of the Virasoro algebra Vir on IHg such 
that with this action IH^f becomes isomorphic to Ma, c where 

(2) The intersection pairing is Vir-invariani, i.e. the adjoint operator to L n is L- n . 

(3) L n ■ l d = for any n > 1 and d>0. 

(4) Li • l d = l d ~ l for any d > 0. 

One can generalize Conjecture 16.41 and Conjecture 16.51 to arbitrary G. We are not going 
to give details here, but let us stress one thing: when G is simply laced the Virasoro algebra 
Vir has to be replaced by the W -algebra corresponding to the affine Lie algebra g a g; in 
fact for general G (not necessarily simply laced) we believe that the W^-algebra associated 
with the Langlands dual affine Lie algebra should appear (cf. the next subsection for 
some motivation). In other words, we expect that for general G the space IHc carries a 
natural action of the VF-algebra W^(Saff)> which makes it into a Verma module over this 
algebra; analogs of properties 2,3,4 above are also expectec0. It is easy to deduce from the 
results of [S] that the character of IHg is equal to the character of the Verma module for 
the VF-algebra. 

Before we explain the connection of Conjecture 16. 51 with the rest of the paper, let us recall 
some (known) modification of it. 

6.6. The flag case. Choose a parabolic subgroup P C G and let C denote the "horizontal" 
line in P 2 (i.e. we choose a straight line in P 2 different from the one at infinity and call). 
Let Bun^p denote the moduli space of the following objects: 

1) A principal G-bundle $c on P 2 ; 

2) A trivialization of 3~g on P^; 

3) A reduction of 3~g to P on C compatible with the trivialization of S'g on C. 

Let us describe the connected components of Bun^p. We are going to use the notations 
of Section [1.11 Let also A^p = Ag,p x Z be the lattice of characters of Z(L) x C*. Note 
that A^ G = Z. 

The lattice A^p contains canonical semi-group A^'p of positive elements (cf. [8]). It 
is not difficult to see that the connected components of Buiig p are parameterized by the 
elements of A G ph 

Bun GjP = |J Bun^ . 

Typically, for O^g E ^gp we snau write 6 a g = (9,d) where 9 E A.g,p an d d E Z. 

Each Bun^p is naturally acted upon by P x (C*) 2 ; embedding L into P we get an action 
of L x (C*) 2 on Bun^p. In [$] we define for each 9 a g E A^'p certain Uhlenbeck scheme 
IX^p which contains Bun^p as a dense open subset. The scheme Ugp still admits an 
action of L x (C*) 2 . 



'A modification of this conjecture exists also for g = gl(N); this conjecture will be proved in [25] . 
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Following [5] define 

U G,P 

Remark. In addition to [5] and [7j various examples of functions Z*q P were studied recently 
in the physical literature (cf. for example [I], [3]) as (the instanton part of) the Nekrasov 
partition function in the presence of surface operators. 

One should think of ZJqp as a formal power series in q a fj € Z(L) x C* with values in the 
space of ad-invariant rational functions on I x C 2 . Typically, we shall write q a g = (q,Q) 
where q 6 Z(L) and Q € C*. Also we shall denote an element of t x C 2 by (a, £1,^2) or 
(sometimes it will be more convenient) by (a, h, e) (note that for general P (unlike in the 
case P = G) the function Z"q P is not symmetric with respect to switching e\ and £2). 

As before, let us now denote by IH^ s p the localized L x (C*) 2 -equivariant intersection 

cohomology of Mq a p ; we also set IH^p to be the direct sum of all the IH^ p; note that 

IH^q = IH^f. Then IH^? P is A^, ^"-graded %lx(<c*) 2 vector space. We can endow with a 
non-degenerate pairing (•, •) 

The following result is proved in [5J: 

Theorem 6.7. Let P = B be a Borel subgroup. Then IH^p possesses a natural action of 
the Lie algebra g a g- such that 

(1) As a Q a f[-module IH^p is isomorphic to M(A a ff), where A a g = — — p&s- 

(2) mg* is the - p aff - 6 ^-weight space of IH.f >B . 

(3) The isomorphism of (1) takes the pairing (-, •) on IHg B b to (-l) |eaffl times the 
Shapovalov pairing (•, •) on the — — p a ff — OaE-weight space of M(A a g ). 

6.8. Interpretation via maps and the "finite-dimensional" analog. Choose now 
another smooth projective curve X of genus and with two marked points Ox, oox- Choose 
also a coordinate x on X such that x(0x) = and x(oox) = 0. Let us denote by Sg,p,x 
the scheme classifying triples (3~g,/3,7), where 

1) 3~g is a principal G-bundle on X; 

2) /3 is a trivialization of 3~g on the formal neighborhood of oox; 

3) 7 is a reduction to P of the fiber of 3~g at Ox- 

We shall usually omit X from the notations. We shall also write S(j for Sgg - 
Let eQ P € Sqp denote the point corresponding to the trivial 9~g with the natural /3 and 
7. It is explained in [8] that the variety Bun^p is canonically isomorphic to the scheme 
classifying based maps from (P^oo) to (S^fp^cfp) (i.e. maps from P 1 to Sg,p sending 00 
to ef P ). 

The scheme Sj^P may (and should) be thought of as a partial flag variety for g a ff . Thus the 
scheme Bun^p should be thought of as an afline analog of Mg,p- Also the flag Uhlenbeck 

^Here by (a, ei) we mean the weight of g^ff whose "finite" component is a and whose central charge is ei. 
Also p a ff is a weight of which takes value 1 on every simple coroot. 
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scheme Ug,p should be thought of as an affine analog of the scheme QMq p (this analogy 
is explained in more detail in [8]). 

Thus Theorem 16.71 can be considered as an affine version of Theorem 11,41 and Conjec- 
ture [63] (together with its generalization to arbitrary q mentioned above) is an affine version 
of Conjecture 12.91 (in fact, there should be a more general version of this conjecture, dealing 
not only with IH^? but with arbitrary IH^p). To conclude the paper we are going to ex- 
plain how to use this analogy with Conjecture 12.91 in order to derive the formulas (16. 2D from 
Theorem 16.71 For Xi k € C let M(x, k) denote the Verma module over s[(2) a g with central 
charge k and highest weight x (i- e - the standard generator h of sl(2) acts on the highest 
weight vector as multiplication by x). According to [14] the algebra Vir is obtained by 
certain BRST reeduction from C/(s[(2) a fj); the corresponding BRST reduction of M(x,k) 
is equal to Ma, c where 

( X + l)2-(fe + l)2 6(fc + l) 2 

A = 4(kT2) ' C=1 ~^T^- (6 - 4) 

According to Theorem 16.71 we should take 

2a ra , £i 



X 



Thus k + 2 = — Ex/ £2 and 



Hence 



l ; k = — — - 2. (6.5) 

£2 £2 

(k+lf (£!+£ 2 ) 2 



k + 2 £iE2 

6(£i +£ 2 ) 2 



1 + 



and 



which coincides with (16.2 



£l£2 

,2 



(x+lf-{k + lf _ a' + (£i+£ 2 ) 



4(fc + 2) £ie 2 4eie 2 
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